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PLANE GEOMETRY. 


INTRODUCTORY DEFINITIONS. 


1. Mathematics is the science of quantity. 

2. Quantity is that which can be measured; as distance, 
time, weight. 

3. Geometry is that branch of mathematics which treats of 
the properties of extension. 

4. Extension has one or more of the three dimensions, 
length, breadth, or thickness. 

5. A Point has position, but not magnitude. 

6. A Line has length, without breadth or thickness. 

7. <A Straight Line is one whose direction is the same 
throughout. 

A straight line has two directions exactly opposite, of which 
either may be assumed as its direction. 

(Norz. The word line used alone in this book, means a 
straight line.) 
8. Corollary. One theorem easily derived from another, 

9. A Curved Line is one whose direction is constantly 
changing. 

10. A Surface has length and breadth, but no thickness. 

11, A Plane is such a surface that a straight line joining 
any two of its points is wholly in the surface. 

12. A Solid has length, breadth, and thickness. 

13. The boundaries of solids are surfaces; of surfaces, 
lines; the ends of lines are points. 

14. A Theorem is a truth which requires to be proved. 

1s. A Problem is a question proposed for solution. 

16. A Proposition is a general name for either a theorem 
or a problem. 

16a. One theorem is the Converse of another when the 
conclusion of the first is made the hypothesis of the second, and 
the hypothesis of the first is made the conclusion of the second. 
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17. A Corollary is an inference from a proposition or 
statement. 

Ig. A Scholium is a remark appended to a proposition. 

19. A theorem consists of two parts, the Hypothesis, that 
which is given, and the Conclusion, that which is to be proved. 

20. An Axiom is a self-evident truth. 


AXIOMS. 


1. If equals be added to equals, the sums are equal. 

2. If equals are subtracted from equals, the remainders 
are equal. 

3. If equals are multiplied by equals, the products are equal. 

4, If equals are divided by equals, the quotients are equal. 

5. Like powers and like roots of equals are equal. 

6. The whole of a magnitude is greater than any of its parts. 

7. The whole of a magnitude is equal to the sum of all 
its parts. 

8. Magnitudes respectively equal to the same magnitude 
are equal to each other. 

9. <A straight line is the shortest distance between two 
points. 


ABBREVIATIONS, 
The following list of abbreviations will be found useful : 
=) plus. >, is greater than. 
—=, minus. <, is less than. 
X, multiplied by. .'., therefore. 
=, equals, Z.» angie. 
L_, right angle. 4B » angles. 
hae perpendicular. A; triangle. 
_|lg » perpendiculars. A > triangles. 
|» parallel. LD . parallelogram, 
Is, parallels. Ls7 , parallelograms, 
©, circle. “~, are. 


© , circles. <= , equivalent to. 
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ANGLES, LINES, POLYGONS. 
GENERAL PRINCIPLES AND DEFINITIONS. 

21. When two straight lines meet at a point, the difference 
in their direction is an angle. The point of meeting is called the 
vertex, and the lines the stdes, of the angle. Thus in the angle 
formed by the lines A B and B C, B is the vertex, and A B and 
B C are the sides. 
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22. In speaking of an angle at a given vertex, it can be 
designated by the letter at that vertex, if, as here, there is but 
one angle at that vertex. But when two or more angles have a 
common vertex, then it is necessary, to avoid ambiguity, to name 
also the letters at the extremities of the sides, placing the letter 
at the vertex in the middle. Thus we say here ‘‘ angle B” ; but if 
D B be drawn, we should have to say ‘‘angle A B C,” or 
‘angle C B A” to name the same angle before designated. 

23. The size of an angle depends solely upon the amount 
of divergence of its sides, not at all upon their length. 

24. When two angles have the same vertex and a side 
common to both, they are called adjacent angles ; as angle ADB, 
and angle B D C. 


The side D B is common to both. 

25. If a straight line meets another so as to make the 
adjacent angles equal, each of these angles will be a right angle ; 
and the two lines will be perpendicular to each other. Thus 
angle A © D and angle D C B, being equal, are right angles, and 
A Band D C are perpendicular to each other. 
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26. An Acute Angle is less than a right angle ; asangle BCD. 


27. An obtuse angle is greater than a right angle; as 
angle A C D. 

Acute and obtuse angles are called oblique angles. 

28. If the sum of two angles is equal to a right angle, or 
90°, each is called the complement of the other; if their sum is 
equal to two right angles, 180°, they are called the supplements 
of each other. 

It is evident that complements of equal angles are equal to 
each other; and the same is true of their supplements. 

29. Two angles are called vertical or opposite, when the 
sides of one are the prolongations of the sides of the other, ag 
angle A O C and angle B O D. 


THEOREM I. 


30. If one straight line meets another straight line, the 
adjacent angles thus formed, are equal to two right angles. 


Bin Pomme + | 
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Let D C meet the straight line A B at the point C. 
To prove that A C D + DCB = two right angles. 
At C, erect the perpendicular C E; then it is evident that 
ACD+DCE=ACE = one right angle. 
And BCD—DCE=BC E = one right angle. 
Adding we have 
ACD+BCD=ACE+4BCE = two right angles. 
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31. Corollary 1. If only two angles are formed, each is 
the supplement of the other. For by the Theorem, 
ACB+BCD=2 right angles. 

: AC D = 2 right angles — D C B, 
or DC B= 2 right angles — ACD. , 


32. Corollary 2. The sum of all the 
angles A O B, B O C, C O D, formed on 
the same side of a straight line at a given 
point = two right angles. For, by. the Theo- 
rem, AO. B + BOD = two right angles, and this sum is 
equal to the sum of the angles A O B, BO C and C O D. 

33. Corollary 3. The sum of all the angles A O B, BO C, 
CO Dand DOA formed about a point is 
equal to four right angles. For if the line 
A O be produced to E, by the preceding 
corollary, the sum of the angles A O B,E 
BOC and CO E = two right angles, and 
the same is true of the sum of the angles 
AODand DOE. 

Hence, the sum of the angles A O B, BOC, C OD, and 
D O A = four right angles. 


THEOREM II. 


A 


34. When the sum of two adjacent angles is equal to two right 
angles, their exterior sides form a straight line. 


Let the sum of the adjacent angles A C D and BC D be 
equal to two right angles. 

To prove that A C Bisa straight line. 

If A C B is not a straight line, let C E be in the same 
straight line with A C. 

By Corollary 1, angle E C D is the supplement of angle A C D. 

But by hypothesis angle B C D is the supplement of A C D. 
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Therefore angle B C D = angle E C D, which is impossibie 
unless C E coincides with C B. 
Hence C B is in the same straight line with A C. 


THEOREM III. 


35. If two straight lines cut each other, the vertical angles 


are equal. 


Let the straight lines A B and C D intersect at E. 

To prove that angle A E C = angle BE D. 

By § 80, angle A E Cis the supplement of angle A E D. 
Angle B E D is also the supplement of angle A E D; and 
.. angle AEC = angle BED. (By § 28.) 

In like manner it may be proved that angle A E D = angle 


BEC. 
THEOREM Iv. 


36. Two angles whose sides have the same or opposite 
directions are equal. 


ee 


1st, Let B A and B C, including angle B, have respectively 
the same directions as E D and E F, including the angle E; 

To prove angle B = angle E. 

Since B A has same direction as E D, and B C has same 
direction as E F, the difference of direction of B A and BC 
must be the same as the difference of direction of E D and E F, 

.. angle B = angle E. 


2nd, Let B A and B O, including angle B, have respectively 
opposite directions to E F and E D, including angle E ; 
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To prove angle B = angle E. 

Produce D_E and F E so as to form angle G E H; 
Then, angle G EH = angle D EF (Theorem III), 
And, angleG EH = angle ABC (By hypothesis). 


angle B = angle E. 


PARALLEL LINES. 


37. Definition. Two straight lines are called parallel when 
they lie in the same plane and cannot meet however far they may 
be produced, as A B and C D. 
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38. Axiom. Twolines parallel to a third are parallel to each 
other. 

39. Definitions. If two straight lines A B and C D are cut 
by a third line EF, the eight angles thus formed are named as 
follows : 


Sle 


The angles c, d, e, f are called interior angles. 

The angles a, b, g, h are called exterior angles. 

The angles ¢ and f or d and e are called allernate-interior 
angles. 

The angles a@ and f or 6 and g are called alternate-exterior 
angles. ' 

The angles a and e, 6 and f, ¢ and g, or d and # are called 
corresponding angles. 
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THEOREM V. 


40. If two parallels are cut by a third straight line: 

1st. All the corresponding angles are equal. 

Qnd. The alternate-interior angles are equal. 

3rd. The interior (as also the exterior) angles on the same 
side (of the intersecting line EF), are supplements of each other. 

Let E F cut the parallels A Band C D. To prove: 

lst. The corresponding angles EG A 
and GHC, or EG B and GH D, are equal, 
since their sides have the same direction. 
(Theorem IV). 

2nd. The alternate interior angles A G 
H and GHD, or BGH and GH OC, are 
equal, because their sides have opposite directions. (Theorem 
IV). 

3rd. The internal angles on the same side, A G H and 
GHC, or BGH and GHD, are supplements of each other ; 
for angle A G H is the supplement of angle A G E (corollary of 
Theorem I), which has been proved equal to angle GHC. In 
the same way it may be proved that angles BG H and GH D 
are supplements of each other. 


THEOREM VI. 


Al. Conversely tf a straight line cut two other straight lines 

in the same plane, these two lines are parallel. 
I. If the corresponding angles are equal. 
IT. If the alternate interior angles are equal. 

LMI. If the interior, as also the exterior, angles on the same 
side (of the intersecting line) are supplements of each other. 

Let E F cut the two lines A B and C D so as to make angle 
EG B= angle GHD, or angle AGH = 
angle G H D, or angles BG H and GHD 
supplements of each other. 

To prove that A B is parallel toC D: _ 

If through the point G a line is drawn 
parallel to C D, it will make the correspond- 
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ing angles equal, and the alternate interior angles equal, and the 
interior angles, as also the exterior, on the same side (of the inter- 
secting line) supplements of each other, by (Theorem V) ; there- 
fore it must coincide with A B; that is, A B is parallel to CD. 


THEOREM VII. 


42. If a perpendicular is erected at the middle point of a 
straight line. 

I. <Any point in the perpendicular is equally distant from 
the extremities of the line. 

II, Any point without the perpendicular is unequally distant 


Srom the extremities of the line. 


I. Let CD be perpendicular to A B at its middle point D, 
and let C be any point in C D. 

To prove that C is equally distant from A and B: 

Join A C and B C. 

Let the figure B D C be superposed upon A D C by folding 
it over about D C as an axis. 

Since angle B D C = angle A D C (adjacent angles, formed 
by a perpendicular meeting another line), and BD = A D (by 
hypothesis), the point B will fall at A and B C will coincide with 


AC. 
Therefore BC = A C, and C is equally distant from A and B. 
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II. Let C D be perpendicular to A B at its middle point D, 
and let F be any point without C D. 

To prove that F is unequally distant from A and B. 

Join A Fand BF; let A F intersect C D at E, and draw B E. 

Since the straight line B F is shorter than the broken line 
BE F (a straight line being the shortest distance between two 
points), 


B F is less than B E + EF. 

Now we have already proved that B E = A E, (the first 
part of this theorem. ) 

Hence B F is less than A E + E F, or B F is less than A F. 

Therefore F is unequally distant from A and B. 

43. Corollary 1. When the figure B D E is superposed 
upon A D E, the angles E BD and BED coincide with the 
angles E A D and A E D, respectively: that is, 
angle E A D = angle E B D, and angle A E D = angle BE D. 

Hence, if straight lines are drawn to the extremities of a 
straight line from any point in the perpendicular erected at tts 
middle point, they make equal angles with the line and with the 
perpendicular. 

44. Corollary Il. If a series of points, all of which 
satisfy a given condition, lie in a certain line, that line is called 
the locus of the points. For example, all the points which 
satisfy the condition of being equally distant from the extremities 
of a straight line lie in the perpendicular erected at its middle 
point. 

In other words, the perpendicular at the middle point of a 
straight line ts the locus of points which are equally distant from 
the extremities of the line. 

45. Scholium. We know by axiom that a straight line is 
determined by any two of its points. It therefore follows that 
two points equally distant from the extremities of a line determine 
dts perpendicular at its middle point. 
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THEOREM VIII. 


46. The perpendicular is the shortest line which can be 
drawn from a point to a straight line. 


Let C D be the perpendicular from C to A B, and C E any 
oblique line. 

To prove that C D is less than C E. 

Produce C D to C’, making C’ D = C D, and join E OC’. 

Then since E D is perpendicular to C C’ at its middle point, 
CE —=C’E, (Theorem VII.) 

But the straight line C C’ being shorter than the broken line 
CEC, we have 

CD + C’ Dis less than CE + CE 
Therefore, 2 C D is less than 2 C E, or C Dis less than C E. 


THEOREI1 IX. 


47. From a given point outside a straight line, but one 
perpendicular can be drawn to that line. 


Let © be the given point outside the line A B, and draw 
CD perpendicular to A B. 
To prove that C D is the only perpendicular which can be 


drawn. 
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If possible, let C E be another perpendicular from C to A B. 

Produce C D to C’, making C’ D = C D, and then join C’ E. 

Then since E D is perpendicular to C C’ at its middle point, 
angle C’/ E D = angle C E D (§ 43.) 

But C E D is a right angle (by hypothesis. ) 

Hence C’/ E D is also a right angle, and the sum of the 
adjacent angles C E D and C’ E D is equal to two right angles, 
and therefore C E C’ is a straight line (Theorem II.) 

Now the latter is impossible, since but one straight line can 
be drawn between two given points ( Axiom.) 

Hence C E cannot be perpendicular to A B, and C D is the 
only perpendicular which can be drawn. 


THEOREM X. 


48. IPf two lines are drawn from a point to the extremities of 
a straight line, their sum is greater than the sum of two other lines 
similarly drawn, but enveloped by them. 


Let A B and A C be drawn from the point A to the extremi- 
ties of the line B C, and let D B and D C be two lines similarly 
drawn but enveloped by A B and A C. 

To prove that A B + A Cis greater than D B+ DC: 

Produce B D to meet A C at E. 

Then since the broken line B A E is greater than the straight 
line B E, the line B A C is greater than B E C. 

And since the broken line D E C is greater than the straight 
line D C, the line B E C is greater than B D C. 

Therefore, A B + A C is greater than D B + DC. 


THEOREM XI. 
49. If oblique lines are drawn from a point to a straight 
line. , 
I. Two oblique lines cutting off equal distances from the foot 
of the perpendicular are equal. 
IT, Of two oblique lines cutting off unequal distances from 
the foot of the perpendicular, the more remote is the greater. 
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I. Let the oblique lines C E and C F meet the line A B at 
equal distances from the foot of the perpendicular C D. 

To prove that CE = C F. 

Since C D is perpendicular to E F at its middle point D, 
C E = CF (Theorem VII.) 


C4 
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If. Let the oblique lines C F and C G meet the line A B at 
unequal distances from the foot of the perpendicular C D, and let 
C G be the more remote. 

To prove that C G 1s greater than C F: 

Produce C D to C’, making C’ D = C D, and then join C’ F 
and (’G. 

Now CF = CF, andCG=CG. (Theorem VIL). 

But the broken line C G C’ is greater than the broken line 
C F C, which is enveloped by it. (Theorem X). 

Hence C G + CG is greater than C F + C’ F. 

Therefore 2 CG is greater than 2 C F, or CG is greater 
than C F. 

50. Oorollary I. Conversely two equal oblique lines from a 
point to a straight line, cut off equal distances from the foot of 
the perpendicular. 

51. Corollary II. Only two equal straight lines can be 
drawn from the same point to the same straight line. 
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THEORETI XI. 


52. Two straight lines perpendicular to the same straight line 


are parallel. 


Let the lines A B and C D be perpendicular to A C. 

To prove that they are parallel : 

If they are not parallel, they will meet if sufficiently pro- 
duced (definition), and we should then have two perpendiculars 
from the same point to the same straight line, which is impossible. 
(Theorem IX). 

Therefore, they cannot meet and are parallel. 


THEORET XIll, 


53. A straight line perpendicular to one of two parallels is 
perpendicular to the other. 


Let A Band CD be parallel lines, and let A C be perpen- 
dicular to A B. 

To prove that A C is also perpendicular to C D: 

Let C E be perpendicular to A C. 

Then C E is parallel to A B. (Theorem XII). 

But C D is parallel to A B (by hypothesis). 

Hence C E must coincide with C D, since but one straight 
line can be drawn through the point C parallel to A B (by axiom). 

Therefore A C is perpendicular to C D. 


THEORET XIV. 


54. Two parallel lines are everywhere equally distant. 
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Let A B and C D be two parallel lines, and let E and F be 
any two points on A B. 

To prove that E and F are equally distant from C D: 

Let K be the middle point of E F, and draw E G, K L, and 
F H perpendicular to A Band C D. (Theorem XIII). 

Let the portion of the figure to the right of K L be folded 
over about K L as an axis until it comes into the plane of the 
figure on the left. 

Since angle F K L = angle EK L (right angles by con- 
struction), and F K = E K (by construction), the line F K will 
fall upon E K and the point F will fall upon E. And since, in 
the same way, angle K L D = angle K LC, the line D L will 
fall upon C L. 

Therefore the line F H, which is perpendicular to D L will 
coincide with E G, which is perpendicular to C L (Theorem IX), 
and the point H will fall at G. 

Hence EG = FH and the points E and F are equally 
distant from C D. 


PLANE FIGURES. 
DEFINITIONS. 


55. A Plane Figure is a portion of a plane bounded by 
lines, either curved or straight. 

If the bounding lines are straight the figure is a polygon, 
and the sum of the bounding lines is the perimeter. 

56. An Equilateral Polygon is one whose sides are equal 
each to each. 

57. An Equiangular Polygon is one whose angles are equal 
each to each. 

58. Polygons whose sides or angles are respectively equal 
are called mutually equilateral or mutually equiangular. 

Two equal sides, or two equal angles, one in each polygon, 
similarly situated, are called homologous sides or angles. 

59. Polygons are spoken of as equal only when, being 
applied to each other, they exactly coincide. 

60. Of Polygons, the simplest has three sides, and is called 
a triangle; one of four sides is a quadrilateral; one of five, a 
pentagon : one of six, a hewagon , one of eight, an octagon; one 
of ten a decagon. 
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TRIANGLES. 


61. When a triangle has no two of its sides equal, it is 
termed scalene; as A BC. 


Win 


62. When a triangle has two of its sides equal, it is termed 


zsosceles; as DE F. 
ya 


63. When a triangle has all its sides equal, it is termed 


equilateral; asG HK. 


64. When one of the angles of a triangle is a right angle, 
the triangle is termed a right triangle, as 
J MN. 

The side J M opposite the right angle 
is termed the hypothenuse. 

65. When one of the angles of a triangle is an obtuse 
angle, the triangle is termed an obiuse-angled triangle: as PRS. 


Was 
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66. When all the angles of a triangle are acute angles, the 
triangle is termed an acute-angled triangle; as T U V. 


67. The side upon which any polygon is supposed to be 
resting is usually called its ase; but in an isosceles triangle, as 
D E F above, in which DE = D F, the third side E F is always 
considered the base. 

When any side has been taken as base, the opposite angle is 
called the vertical angle, and its vertex is called the vertex of the 
triangle. 

The altitude of atriangle is the perpendicular drawn from 
the vertex to the base. 

68. Since a straight line is the shortest distance between 
two points, it follows that either side of a triangle is less than the 
sum of the other two. 


THEOREM XV. 


69. Hither side of a triangle is greater than the difference of 


the other two. 


Let A BC be any triangle. 

To prove that any side as A B, is greater than the difference 
of the other two: 

Since a straight line is the shortest distance between two 
points, A B + A Cis greater than B C. 

Subtracting A C from both members of the inequality, A B 
is greater than BC — AC. 

ABA: 
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THEOREM XVI. 


70. The suin of the angles of any triangle is equal to twa 
right angles. 


Let A B C be any triangle. 

To prove that the sum of angles A, B, and C is equal to two 
right angles: 

Produce A © to D and draw C E parallel to A B; then angle 
DC E = angle A (corresponding angles); angle B C E = angle 
B (alternate angles). Hence angles D C E+ BCE+BCA= 
A+B+ BCA, butangles DCE+ BCE+ BCA = two 
right angles. (Theorem I.) 

Therefore angles A + B + BC A = two right angles. 

71. Corollary I. If any side of a triangle is produced, the 
exterior angle thus formed is equal to the sum of the two opposite 
interior angles. 

73- Corollary II. If two triangles have two angles of the 
one respectively equal to two angles of the other, the remaining 
angles are equal. 

74. Corollary III. A triangle cannot have two right or two 
obtuse angles; for in either case the sum of the three angles in 
the triangle would exceed two right angles. 

75. Corollary IV. Ina right triangle the sum of the two 
acute angles is equal to a right angle. 

76. Corollary V. If two angles of a triangle are known, 
the third can be formed by subtracting their sum from two right 
angles. 


76a. Corollary VI. Ina right triangle the two acute angles 
are complimentary. 
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THEOREM XVII. 


77. If two triangles have two sides and the included angle of 
the one equal respectively to two sides and the included angle of the 
other, the two triangles are equal in all respects. 


In the triangles A B C and D EF, let the side AB = DE, 
A C =D F and the angle A = angle D. 

To prove triangle A B C = triangle DEF: 

Superpose A B C upon DEF, so that A B coincides with its 
equal D E; then as angle A = angle D, an?’ 2s AC = DF, AC 
will take the direction of D F and will cotacide with it. Theze- 
fore the extremities of the third lines B C and E F respectively 
coinciding, the lines themselves must do so, and the two triangles 
are proved to be equal in all respects. 


THEOREM XVIII. 


78. If two triangles have a side and the two adjacent angles 
of the one equal respectively to a side and the two adjacent angles 
of the other, the two triangles are equal. 


In the triangles A B C and D E F, let angle A = angle D, 
angle C = angle F, and the side A C = D F. 

To prove that triangle A BC is equal in all respects to 
triangle DEF: 

Place the side A C on its equal D F, with the point A on the 
point D, and the point C on the point F, as AC = D F (by hyp.) ; 
then since angle A = angle D, A B will take the direction of 
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D E, and since angle C = angle F, C B will take the direction of 
FE; and the point B falling at once in each of the lines D E and 
F E must be at their point of intersection E; therefore the two 
triangles coincide and are equal. 

79. Corollary I. Two right triangles are equal when the 
hypothenuse and an acute angle of one are respectively equal to 
the hypothenuse and an acute angle of the other; for the other 
acute angles are equal (Theorem XVI, Corollary II, and the 
triangles are then equal by Theorem XVIII). 

Corollary II. Two right triangles are equal when a side 
and an acute angle of one are respectively equal to a side and an 


acute angle of the other. 


THEOREM XIX. 


80. Two triangles are equal when the three sides of the 
one are equal respectively to the three sides of the other. 


In the triangles A B C and D EF, let the side AB = DE, 
BC cel and CsA. yD: 

To prove that the triangles are equal in all respects: 

Place the triangle D E F in the position A B F’, so that D E 
shall coincide with its equal A B, the vertex F falling at F’ on 
the opposite side of A B from C. 

Draw C F’ intersecting A B at G. 
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Since by hypothesis A C = A F’ and B C = B F, the 
the points A and B are equally distant from C and F’. 
Hence the line A B is perpendicular to C F” at its middle 
point G (Theorem VII). 
Let now the triangle A B C be folded over upon A B as 
axis, until it falls into the plane of A BF’. 
Since angle A GC = angle AGF, and CG = FG, the 
point C will fall at EF’. 
Therefore the triangles coincide throughout and are equal. 
Corollary. Since the triangles coincide throughout, 
angle A = angle D, 
angle B = angle E, 


angle C= angle F. 


THEOREM XxX. 


81. Two right triangles having the hypothenuse and a side 
of one respectively equal to the hypothenuse and a side of the other, 
are equal in all respects. 


In the right triangies A B C and D E F, let the hypothenuse 
A B be equal to D E, and the side B C equal to E F. 

To prove that the triangles are equal : 

Superpose the triangle A B Cupon D E F so that the side 
BC shall coincide with its equal EK F, the point B falling at E 
and C at F. 

Then since angle C = angle F, the side A C will fall upon D F. 

But the equal oblique lines A B and D E cut off upon D F 
equal distances from the foot of the perpendicular E F (Article 
50). 

That is, the point A will fall at D. 

Therefore the triangles coincide throughout and are equal. 
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THEOREM XXI. 


82. In an isosceles triangle the angles opposite the equal 
sides are equal. 


Let A BC be an isosceles triangle in which A C and BC 
are the equal sides. 

To prove that angle A = angle B: 

Draw C D perpendicular to A B. 

There in the right triangles A D C and B D C, the side C D 
is common and A C = BC by hypothesis. 

Therefore by Theorem XX, the triangles are equal in all 
respects, and angle A = angle B. 

83. Corollary I, From the equality of the triangles A C D 
and BC D, A D = DB, and the angle A C D = angle BCD; 
that is, the line bisecting the angle opposite the base of an 
isosceles triangle bisects the base at right angles, and also bisects 
the triangle. Also the line drawn from the vertex perpendicular 
to the base of an isosceles triangle, bisects the base, the vertical 
angle, and the triangle. 

84. Corollary IT. An equilateral triangle is equianguiar. 


THEOREM XXIl. 


85. Conversely, if two angles of a triangle are equal, the 
sides opposite them are equal, and the triangle is isosceles. 


Tn the triangle A B C let the angles A and B be equal. 
To prove that AC = BC: 
Draw C D perpendicular to A B. 
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- Then in the right triangles A C D and BCD the side C D 
is common, and by hypothesis angle A = angle B. 
Therefore the triangles are equal in all respects (Theorem 
XVIII, Corollary 11), and AC = BC. 


86. Corollary. An equiangular triangle is also equilateral. 


THEOREM XXIll. 

87. The greater side of a triangle is opposite the greater 
angle; and conversely, the greater angle is opposite the greater ee 

In the triangle A B C let angle B be 
greater than C; 

To prove that A C is greater than A B: 

At the point B make the angle C B D A 
equal to the angle C; 

Then DB = DC (Theorem XXII), and A C =A D + 
DC=AD+DB. 

But (by axiom 9) A D + D B is greater than A B. 

Therefore A C is greater than A B. 

Conversely. Let A C be greater than A B. 

Norr.— In a figure for this proof D would fall nearer C. 

To prove that angle A B C is greater than angle C: 

Cut off A D = AB and join B D; then as AD = AB, 
the angle A B D = angle A DB (Theorem XXI), and angle 
A D B is greater than angle C (Theorem XVI, Corollary I.) 

Therefore angle A B D is greater than angle C; but angle 
A BC is greater than angle A B D; therefore angle A B Cis 
greater than angle C. 


N 


THEORETI XXIV. 
88. If two straight lines are drawn from a point within a 
triangle to the extremities of any side, the angle included by them 
ts greater than the angle included by the other two sides. 


Let D B and DC be drawn from any point D within the 
triangle A B C to the extremities of any side, as B C. 
To prove that angle B D C is greater than angle A: 
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Produce B D to meet A C at E. 

Then the angle B D C, being equal to the sum of the 
opposite interior angles D E C and D C E (Theorem XVI, 
Corollary I), is greater than angle D EC. 

And the angle D E C, being equal to the sum of the opposite 
interior angles A and A B E, is greater than angle A. 

Therefore angle B D C is greater than angle A. 


THEOREM XXV. 


89. Any point in the bisector of an angle is equally distant 
Srom the sides of the angle. 


Let B D be the bisector of an angle, A BC, and let P be 
any point in B D. 

To prove that P is equally distant from A Band BC: 

Draw P M and PN perpendicular to A B and B C respec- 
tively. 

Then in the right triangles P B M and PBN, the side P B 
is common, and by hypothesis angle P B M = angle PBN. 

Therefore the triangles are equal (Theorem XVIII, 
Corollary I), and PM = PN, 

Hence P is equally distant from A B and BC. 


THEORETI XXVI. 
90. Conversely, every point which is within an angle, and 
equally distant from tts sides, lies in the bisector of the angle. 


Let P be equally distant from the sides of the angle A BC; 
yoin P and B by the line P B. 
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To prove that P B is the bisector of the angle A BC: 

Draw P M and PN, perpendicular respectively to A B, and 
BC. 

Then in the right triangles P B M and PBN, the side P B 
is common, and by hypothesis P M = PN, 

Therefore the triangles are equal, and angle P B M = angle 
PBN. (Theorem XX). 

Hence P B bisects angle A BC. 

91. Scholium. The bisector of the angle is the locus of 
points which are within the angle and equally distant from its 
sides. 


THEOREM XXVII. 


92. If two triangles have two sides of one equal respectively 
to two sides of the other, but the included angle of the first greater 
than the included angle of the second, the third side of the we as 
greater than the third side of the second. 


UN 


In the triangles A B C and D E F, let the side A B be equal 
to D E, and AC to D F, and let the included angle B A C be 
greater than angle E D F. 

To prove that B C is greater than K F: 

Place the triangle D E F in the position A BF, the side 
D E coinciding with its equal A B, and the vertex F falling at F’. 

Draw A G bisecting the angle C A F’, and join F G. 

Then in the triangles A C G and A FG, the side A G is 
common, A C = A F’ by hypothesis, and angle C A G = angle 
F’ A G by construction. 
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Therefore the triangles are equal in all respects (Theorem 
XOVIE)S andek) G70 G. 
But by axiom (a straight line being the shortest distance 
between two points), B G + F’ G is greater than B F’. 
Substituting for F’ G its equal C G, 
BG + C G is greater than B 
That is, B C is greater than E F. 


THEOREM XXVIII. 


93. Conversely, if two triangles have two sides of one equal 
respectively to two sides of the other, but the third side of the first 
greater than the third side of the second, the included angle of the 
first is greater than the included angle of the second. 


A 


In the triangles A B C and D EF, let the side A B be equal 
to D E, and A C to D F, and let B C be greater than E F. 

To prove that angle A is greater than angle D: 

If angle A were equal to angle D, the triangles would be 
equal (Theorem XVII), and B C would be equal to E F. 

And if angle A were less than angle D, B C would be less 
than E F (Theorem XXVII). 

Both of these conclusions are contrary to the hypothesis ; 

Hence angle A is greater than angle D. 

94. Scholium. The method of proof employed in Theorem 
XXVIII, is known as the ‘‘Reductis ad absurdum,” or “indirect” 
method. The truth of the theorem is demonstrated by supposing 
it to be false, and showing that the hypothesis leads to a false 
conclusion. 
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QUADRILATERALS. 
DEFINITIONS. 


95. A Quadrilateral is a plane figure bounded by four 
straight lines, as A BC D. 


96. A diagonal of a quadrilateral is a straight line joining 
two opposite vertices, as A C. 

97. A Trapezium is a quadrilateral which has no two of its 
sides parallel; as A BC D. 

98. A Trapezoid is a quadrilateral which has only two of 
its sides parallel; as E F G H. 


H 


99. A Parallelogram is a quadrilateral whose opposite 
sides are parallel, as any rectangle or rhombus. 
100. A Rectangle is a right-angled parallelogram, as 
IJKL. 
! 


L 


101. A Square is an equilateral rectangle, as M N O P. 
M; N 
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102. A Rhomboid is an oblique-angled parallelogram, as 
QRST. 


103. A Rhombus is an equilateral parallelogram,as U V W X. 
: —W 


ye—- , 
104. The bases of.a trapezoid are its parallel sides; the 
altitude is the perpendicular distance between them. 
105. The bases of a parallelogram are the side upon which 
it is supposed to stand and its parallel side; the altitude is the 
perpendicular distance between them. 


THEOREM XXIX. 


106. The opposite sides and angles of a parallelogram are 
equal to each other. 

Let ABC D be a parallelogram ; 

To prove that AB = DC,BC = 
A D, and the angles A and B respect- 
ively equal C and D: 


Draw the diagonal B D. In the triangles A B D and BC D, 
the side B D is common. As B C and A D are parallel, the 
alternate interior angles C B D, and B D A are equal. (Theorem 
V.) And in the same way angle A B D = angle BD C. 

Therefore the two triangles A B D and B D C are equal 
(Theorem XVIII;) and the sides opposite the equal angles are 
equal, ic. AB = DC, and BC =A D; also the angle A = 
angle C and the angle 
ABC=angle ABD+DBC=BDC+4+BDA=ADCO, 

107. Corollary I. The diagonal divides a parallelogram 
into two equal triangles. 

108. Corollary II. Parallels included between parallels are 
equal, 
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THEORETI XXX. 


109. Jf two sides of a quadrilateral are equal and parallel 
the figure is a parallelogram. 


Let A BC D be a quadrilateral having B C equal and 
parallel to A D; 

To prove that A B C D is a parallelogram : 

Draw the diagonal B D. As B C is parallel to A D, the 
alternate interior angles C B D and BD A are equal (Theorem 
V), therefore the two triangles C B D and B D A are equal 
(Theorem XVI) ; and the alternate interior angles A BD and 
BD Care equal. Therefore A B is parallel to D C (Theorem 
VI), and A BC Dis a parallelogram. 


THEOREM XXXI. 


110. The diagonals of a parallelogram bisect each other. 


Let the diagonals of the parallelogram A B C D intersect 
at E. 

To prove that AE = ECandBE=>ED: 

In the triangles A E D and BEC, we have AD=BC, 
(Theorem X XIX), also since the parallels A D and B C are cut 
by A C, angle E A D = angle EC B. And since the parallels 
A D and B C are cut by BD, angle E D A = angle EBC. 

Therefore the triangles are equal (Theorem XVIII), and 
A E = E OC, and B E = E D (homologous sides of equal 
triangles). 
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THEOREM XXXIl. 


111. Conversely, if the diagonals of a quadrilateral bisect 
each other, the figure is a parallelogram. 


Let the diagonals of the quadrilateral A BC D bisect each 
other at E. 

To prove that the figure is a parallelogram. 

In the triangles AED and BEC, AE = EC, and DE = 
E B by hypothesis. 

Also angle A E D = angle B E C (vertical angles). 

Therefore the triangles are equal (Theorem XVII) and A D 
= BC, (homologous. ) 

Similarly the triangles A E B and CED are equal, and 
A B= CD, (homologous. ) 

Hence the opposite sides of the quadrilateral are equal, and 
the figure is a parallelogram, (Converse of Theorem XXIX, 
easily proved, by finding that the two triangles formed by the 
diagonal of such a figure are equal by Theorem XIX ; three sides 
of one equalling three sides of the other.) 


THEOREM XXXIII. 


112. The diagonals of a rectangle are equal. 
B Cc 


SURE 
ines 


A D 

Let A BC D be a rectangle. 

To prove that AC = BD. 

In the right triangles A BC and BCD, the side BC is 
common, and A B = C D (Theorem X XIX.) 

Therefore the triangles are equal (Theorem XVII), and 
A C = BD (homologous). 

113. Corollary. The diagonals of a square are equal, and 
bisect each other at right angles; for the square is at once a 
rectangle and a rhombus, 
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THEORETI XXXIV. 


114. Two parallelograms are equal when two adjacent sides 
and the included angle of one are equal respectively to two adjacent 
sides and the included angle of the other. 


pf 


In the parallelograms A BCD and A’ B’C’D, let AB = 
A’ B’ and A D = A/D’, and let the included angle A = angle A’. 

To prove that the parallelograms are equal. 

Since angle A = angle A’, the parallelogram A BC D may 
be superposed upon A’ B/ C’ D/ in such a way that the side A B 
shall coincide with its equal A’ B’, and A D with A’ D’. 

Then since B C is parallel to A D and B’ C’ to A’ D, the 
side B C will fall upon B’ C’, and the point C will fall somewhere 
mB .C’. 

And since D C is parallel to A B and D’C’ to A’ B’, the side 
DC will fall upon D’ C’ and the point C will fall somewhere in 
10 Gor 

Therefore the point C, being at the same time in B/ C’ and 
D’ C’, must fall at their point of intersection C’ 

Hence the parallelograms coincide throughout and are equal. 


THEOREM XXXY. 


115. The line joining the middle points of the two non- 
parallel sides of a trapezoid is parallel to the two parallel sides, and 
equal to half their sum. 


Let EF join the middle points of the non-parallel sides A B 
and C D, of the trapezoid A BCD. 

To prove: 

I. That E F is parallel to A D and BC. 
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Through F draw GH parallel to B A, meeting A D produced, 
at H. The angles G F C and D F H are equal (vertical angles) ; 
also the angles G C F and F DH (alternate interior angles) ; 
and the side C F is equal to F D (hypothesis). Therefore the 
triangles G C F and FD H are equal (Theorem XVIII), and 
GF = FH =iGH. But a ABGH is a parallelogram, 
G H = BA (Theorem XXIX) ; therefore FH =} BA=AE, 

Therefore A EF H is a parallelogram (Theorem XXX), 
and E F is parallel to A D, and therefore also to B C. 

Il. ThatEF=}4(AD+BC.) 

Since A E F H and E BG F are parallelograms, 

BeR = ACR AD Sp 
and also EF BG. = BC. Ge 

Now, as the two triangles G F C and D F H are equal, G C 
= D H;; therefore if we add the two equations : 

2EF=—AD+BC 
EF=4(AD+BC) 


THEOREM XXXVI. 


116. The sum of the interior angles of a polygon ts equal to 
twice as many right angles as it has sides minus two. 


Let A BCD E F owe the given polygon. 

To prove that the sum of the interior angles A, B, C, D, E, 
and F, is equal to twice as many nght angles as the figure has 
sides minus two. 

If from any vertex as A, diagonals A C, AD, A E, are 
drawn, the polygon will be divided into as many triangles as the 
figure has sides minus two; and since we know that the sum of 
the angles of each triangle is equal to two right angles, the sum 
of the angles of all the triangles, that is, the sum of the interior 


angles of the polygon, is equal to twice as many right angles as 
the polygon has sides minus two, 
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RATIO AND PROPORTION. 
DEFINITIONS. 


(Norr. It is necessary to understand the elementary prin- 
ciples of ratio and proportion before entering upon the theorems 
that are to follow. It is therefore introduced here. ) 

- 117. Ratio is the relation of one quantity to another of the 
same kind; or it is the quotient obtained by dividing one quantity 
by another of the same kind. 

Ratio is indicated by writing the two quantities thus : 

a: b, or 33 read a is to b, or a divided by 6. 

118. The Terms of a ratio are the quantities compared, 
whether simple or compound. 

The first term of a ratio is called the antecedent, the other the 
consequent ; the two terms together are called a couplet. 

119. An Inverse or Reciprocal Ratio of any two quantities 
is the ratio of their reciprocals. Thus the direct ratio of ato 6 
, : : : onl ; 
is a: b, that is ae the inverse ratio of a to bis —: as that is 

b a b a 
= . or 6: a. 


120. Proportion is an equality of ratios. 

Four quantities are in proportion when the ratio of the first 
to the second equals the ratio of the third to the fourth. 

The equality of two ratios is indicated by the sign of equality 
( =), or by four dots (::). 

Woes aC tO, Ol OS 0 net Oy OF ; = 53 read a to b 
equals c tod, a is to 6 as ¢ is to d, or a divided by 6 equals c 
divided by d. 

121. In a proportion, the antecedents and consequents of 
the two ratios are respectively the antecedents and consequents of 
the proposition. The first and fourth terms are called the extremes, 
the second and third the means. 

122. In a proportion’ in which the means are equal, e. g., 
a:b — b:c, either mean is called a mean proportional between 
the other two; and the third, a ¢hird proportional to the first and 


second. 
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123. A proportion is transformed by Alternation when 
antecedent is compared with antecedent, and consequent with 
consequent. 

124. A proportion is transformed by Inversion when the 
antecedents are made consequents and the consequents antecedents. 

125. A proportion is transformed by Composition when in 
each couplet the sum of the antecedent and consequent is com- 
pared with the antecedent or with the consequent. 

126. <A proportion is transformed by Division when in each 
couplet the difference of the antecedent and consequent is com- 
pared with the antecedent or with the consequent. 

127. Axiom. ‘Two ratios respectively equal to a third are 
equal to each other. 

The following are the theorems of ratio and proportion : 


THEOREM I. 


128. Ina proportion the product of the extremes ts equal to 
the product of the means. 


Let Diem 
That i = 5 

at is 5 =] 
Clearing of fractions, ad = bc 


129. Scholium. A proportion is merely an equation; and 
when we make the product of the extremes equal to the product 
of the means, we simply clear of fractions. 


THEORET II. 


130. Jf (conversely to Theorem I) the product of the two 
quantities be equal to the product of two others, one pair may be 
made the extremes, and another the means of a proportion. 


Let ad = be 


ue ey SHG bela Cc 
Dividing by dd, ha ea oO oa 
That is, a:b = esd 
Similarly we may prove that : 
COO Mal We) 
6:d=a:c 
c:d =a:), ete 
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THEORET III. 


131. ln any proportion the terms are in proportion by 


Alternation ; that is, the first term is to the third as the second is 
to the fourth. 


Let 


a orator d 
By (128) aa be 
By (130) asc )bed 


THEORET Iv. 


132. Jn any proportion the terms are in proportion by 


Inversion; that ts, the second term ts to the first as the fourth is 
to the third. 


Let 


Oo Giane 
By (128) Ud abe 
By (130) Die hs C 


THEORET V. 


133- In any proportion the terms are in proportion by 
Composition; that is, the sum of the first two terms is to the first 
term, as the sum of the last two terms is to the third term. 

Let 


a:6=c:d 
That is 5 =G 


Adding 1 to each member, 
a c 
;ti=5t!1 
a+b e+ad 
or, Sa ete 
That is, fab 80 == 0 asd 


THEOREM VI. 


134. In any proportion the terms are in proportion by 
Division ; that is, the difference of the first two terms is to the first 
term, as the difference of the last two terms is to the third term. 

Let Oran. Cs 
That is, ape 


Biel 
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Subtracting 1 from each member, re fee — tf 
ae a—b c—d 
5 Baia ae 
That is, a—b:b=c—d:d 


135. Corollary. From (133) and (134), and by means of 
(131) and (127): 
If arb =c:d 
Thena +b :a—b=c+d:c—d 


THEORETI VII. 


136. Hquimultiples of two quantities have the same ratio as 
the quantities themselves. 


For ace Ss 
oe 56” mb 
That is a:6 = ma:mb 


137. Corollary. It follows that either couplet of a propo- 
sition may be multiplied or divided by any quantity, and the 
resulting quantities will be in proportion. And since by (131), if 
a:b = ma: mb, a:ma = b:mb or ma: a = mb: 4, it follows that 
both consequents, or both antecedents, may be multiplied or 
divided by any quantity, and the resulting quantities will be in 
proportion. 


THEORET VIII, 


138. In any proportion, like powers or like roots of the 
terms are in proportion. 


Let a:b=e:d 
That is ie ae 

b d 
Hence, . = i 
That is, Qe oR eo" Oe 


Since n may be either fractional or integral, the theorem is 
proved. 
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THEORETI IX. 


139. If any number of quantities are proportional, any 
antecedent is to-its consequent as the sum of all the antecedents is to 


the sum of all the consequents. 


Let GSO. 4C? Cee Coie 
Now, ‘ab = ab 
And by (128), ad = be 
And also, af = be 


Adding (A), (B), (C), 


(A) 
(B) 
(C) 


a(b+d+f)=b(atete) 


Hence by (130), a:b=a+t+ct+e:b+d+f 


THEOREM xX. 


149. If there are two sets of quantities in proportion, their 


products, or quotients, term by term, will be in proportion. 


Let ea IG 
And Cr fa g-h 
By (128), ad = be 
And Chia fg 
Multiplying (A) by (B), adeh = befy 
5 ad be 
Dividing (A) by (B), ayy 
From (C) by (130), ae: bf = cq:dh 
ODN ee 
And from (D), ae =: aut 


THE CIRCLE. 
DEFINITIONS. 

141. <A Circle is a plane figure bounded 
by a curved line called the circumference, 
every point of which is equally distant from 
a point within called the centre; as A BD E, 


142. <A Radius of a circle is a straight 


line joining the centre with the circumference, 


as BC. 
143. A Diameter of a circle is a straight 


line drawn through the centre, terminating at both ends in the 


circumference, as A D. 


(A) 
(B) 
(C) 


(D) 
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144. Corollary. The radii of a circle, or of equal circles, 
are evidently equal; also the diameters are equal, and each diam- 
eter is equal to twice the radius. 

145. An Arc is any part of the circumference; as A F B. 
When an are equals one-half the circumference, it is called a 
Semi-circumference; when it equals one-fourth a circumference, 
it is called a quadrant. 

146. A Chord is the straight line joining the ends of an arc, 
as for example, a straight line joing A and B, The arc is said 
to be subtended by its chord. 

147. A Segment of a circle is the portion included between 
an are and its chord. 

148. <A Sector is the part of a circle included between two 
radii and the intercepted arc; as the space B C D. 

149. A Tangent (in geometry) is a straight line which 
touches, but does not, though produced, cut the circumference, as 
GD. The point at which the tangent touches the circumference 
is called the potnt of contact, or point of tangency. 

150. <A Secant is a straight line which, if sufficiently pro- 
duced, will cut the circumference in two points, as G E. 

151. Two circles are concentric when they have the same 
centre. 

152. <A central angle is one whose vertex is at the centre, 
the sides being radii, as angle A C B. 

An inscribed angle is one whose vertex is on the circumfer- 
ence, the sides being chords. 


THEOREM XXXVII. 
153. In equal circles, or in the same circle, equal central 
angles intercept equal ares. 


In the equal circles A M B and A’ M’ B, let C and C’ be 


equal central angles. 
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To prove that are A B = arc A’ B’: 

Superpose the sector A B C upon A’ B’ C’ in such a way that 
the angle C shall coincide with its equal C’. 

Then since the radii of the circles are equal, the point A will 
fall at A’ and B at B’, 

Therefore the arc A B will coincide with the are A’ B’, since 
all points of each are equally distant from the centre. 

Hence, arc A B = arc A’ B’. 


THEOREM XXXVIII. 


154. Conversely, zn equal circles, or tn the same circle, equal 
ares are intercepted by equal central angles. 

In the equal circles A M B and A’ M’ B, let the are A B = 
arevn eB’. 

To prove that angle C = angle C’: 

Since are A B = arc A’ B’, the circle A B M may be supre- 
posed upon A’ B/ M’ in such a way that the point A shall fall at 
A’ and B at B’, the centre C falling at C’. 

Then the radii A C and B C will coincide with A’ C’ and B’ C’ 
respectively. 

THEOREM XXXIX. 


155. Ln equal.circles, or in the same circle, equal chords sub- 
tend equal arcs. 


In the equal circles A M B and A’ M’ B, let the chord A B 
be equal to chord A’ B’. 

To prove that arc A B = arc A’ B’; 

Let Cand C’ be the centres of the circles, and draw A C, BC, 
AYO Sand Bb! C/, 

Then in the triangles A BC and A’ B’ C’, A B = A’ BY by 
hypothesis. 
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And since the radii of circles are equal, A C = A’ C,, and 
BC=BC. 

Hence, the triangles are equal, (Theorem XIX), and angle 
C = angle C’. 

Hence, arc A B = are A’ B’ (Theorem XXXVI). 


THEOREM XL. 


156. Conversely, in equal circles, or in the same circle, equal 
arcs are subtended by equal chords. - 


In the equal circles A M B and A’ M’ B, let the are A B = 
are A’ B’, 

To prove that chord A B = chord A’ B’: 

Let C and C’ be the centres of the circles, join A C, BC, 
A’ C’, and B/ C’. 

Then in the triangles A B C and A’ B’ C’, A C = A’ C, and 
BC=B’C’. And since are A B = arc A’ B,, angle C = angle 
C’, (Theorem XX XVIII), and chord A B = chord A’ B’. 


THEOREM XLI. 

157. Central angles vary as their corresponding arcs. 

Let A CD, DCE, ECF be equal central 
angles at C; then the arcs A D, D E, E F are 
equal (Theorem XXXVII); then the angle 
A C KE is double the angle A C D, and the are 
A E is double the arc A D; and the angle 
A CF three times the angle A C D, and the 
arc A F three times the arc AD; and if the 
angle A C G is m times the angle A C D, the are A G is m times 
the arc A D; that is, the angle varies as the arc, or the arc as the 
angle. 

158. Corollary. As central angles vary as their arcs, or 
ares vary as their corresponding angles, either of these quantities 
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may be assumed as the measure of the other. The measure of an 
angle is, then, the are included between its sides and described from 


its verlex as a center. 
THEOREM XLII. 


159. The diameter perpendicular to a chord bisects the chord 
and its subtended arc. 


In the circle A B D, let the diameter C D 
be perpendicular to the chord A B. 

To prove that it bisects A B and its sub- 
tended arcs: 

Let O be the centre of the circle; join 
O A, and O B. 

Then since O A = OB, the triangle OAB 
is isosceles; and the line C D, passing through 
the vertex perpendicular to the base, bisects the base Aint also the 
vertical angle, (by Theorem X XI, Corollary I). 

Hence, angle A O C = angle BOC, and are A C = are BC, 
(Theorem XX XVII). 

Subtracting the equal arcs A C and BC from the semi-cir- 
cumferences C A D and C B D, we have are A D = arc BD. 

Therefore the diameter bisects the chord A B and its sub- 
tended ares A C B and A DB. 


THEOREM XLIIL 


160. <A straight line perpendicular to a radius at its extremity, 
ts tangent to the circumference. 


Let A B be perpendicular to the radius O C, at its extremity C. 

To prove that it is tangent to the circumference : 

Since the perpendicular O C is the shortest line which can be 
drawn from O to A B (Theorem VIII), any other line, as O D, 
is greater than O C, and hence the point D lies without the circle. 


44 GEOMETRY. 


That is, every point of A B except C lies without the circle, and 
A B is therefore tangent to the circumference (article 149). 

161. Corollary. Conversely, a tangent to the circumference 
ts perpendicular to the radius drawn to the point of contact. 


For if A B is tangent to the circumference at C, every point 
of A B except C lies without the circle. 

Hence, O C is the shortest line which can be drawn from O 
to A B, and is therefore perpendicular to A B. 


THEOREM XLIV. 

162. The two tangents to a circumference from an outside 
point are equal. 

Let A Band A C be the tangents from the es A to the 
circumference whose centre is O. 

To prove that A B = AC, 

Join O A, and draw the radii 
O Band OC. Since O B is perpen- 
dicular to A B, and OC to A C, (by 
Theorem XLIII, Corollary 1), A BO 
and A C O are right angles. 

Then in right triangles O A B 
and O AC, O A is common, andO B= OC. 

Hence the triangles are equal (by Theorem XX), and AB 
== ALO. 


THEOREM XLV. 


163. An inscribed angle is measured by one-half dts in- 
tercepted arc. 

Case I. When one side of the angle is a diameter. 

Let AC be a diameter of the circle A BC. 

To prove that the inscribed angle A is 
measured by one-half are BC. 

Draw the radius OB. Then (by Theorem 
XVI Corollary I), angle B O C = angle 
A + angle B. 

But since A O B is an isosceles triangle 
(OA and OB being radii of circle A BC) 
angle A =angle B. 

Hence, angle BO C=2 angle A, or angle A = one-half 
angle BOC. 
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Now angle B OC is measured by are B C (Theorem XLI, 
Corollary I.) ~ 


Therefore angle A is measured by one-half arc B C. 
Case II. When the centre is within the angle. 


In the circle A BC let the centre lie within the angle B AC. 

To prove that angle B A C is measured 
by one-half are BC. 

Draw the diameter A D. Then angle 
Pes — BAD CAD, 

But by Case I, angle B A D is measured 
by one-half arc B D, and angle C A D is 
measured by one-half are C D. 

Hence angle B A C is measured by one-half (are BD + are 
CD), or by one-half arc BC. 


Case III. When the centre lies without the angles. 

In the circle A BC let the centre lie 
without the angle B A C. 

To prove that angle B A C is measured 
by one-half arc B C. 

Draw the diameter A D. Then angle 
B A C = angle B A D — angle C A D. 


But by Case I, angle B A D is measured . 
by one-half arc BD, and angle C A D is measured by one-half 
are C D. 

Hence angle B A C is measured by one-half (are B D — are 
C D), or by one-half are BC, 


164. Corollary I. All the angles A, B, 
O, inscribed in the same segment are equal. 

For each is measured by one-half arc 
DE. 
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165. Oorollary II. Anangle B A C 
inscribed in a semi-circle is a right angle. 

For it is measured by one-half the semi- 
circumference B D C; that is, by a quadrant 
(Article 145.) 


166. Corollary IIT. An angle as C A D, inscribed in a 
segment greater than a semi-circle is acute. 

For it is measured by one-half an arc less 
than a semi-circumference, that is, by an are 
less than a quadrant 

An angle C BD inscribed in a segment 
less than a semi-circle ts obtuse. 

For it is measured by one-half an are 
greater than a semi-circumference ; that is bv 
an are greater than a quadrant. 


THEORETI1 XLVI. 

167. An angle formed by a tangent and a chord ts measured 
by one-half the intercepted are. 

Let A E be tangent to the cir- 
cumference B C D at B, and let B C 
be a chord. 

To prove that angle A BC is 
measured by one-half are B C. 

Draw the diameter B D perpen- 
dicular to A E (Theorem XUIII, 
Corollary I.) Then angle A BC = angle A BD — angle CB D. 
But since a right angle is measured by one-half a semi-circum- 
ference, angle A BD is measured by one-half are BCD. And 
(by Theorem XLY), angle C BD is measured by one-half are C D. 

Therefore angle A B Cis measured by one-half (are BC D— 
arc C D), or by one-half are B C. 

Similarly, angle C B E is measured by one-half are C D B. 
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THEOREM XLVII. 


168. The angle between two tangents is measured by one-half 
the difference of the intercepted arcs. 

Let A E and CE be tangent to the 
circumference B D F at B and D 
respectively. 

To prove that angle E is measured 
by one-half (are B F D— are B G D.) 

Draw the chord B D. Then the 
exterior angle A B D is equal to the 
sum of the opposite interior angles E 
and BD E. That is, angle E = angle 
ABD — angle BD E. 

But (by Theorem XLVI), angle 
A BD is measured by one-half are B F D, and angle B D E is 
measured by one-half arc B G D. 

Therefore angle E is measured by one-half arc B F D — 
arc BG D). 


THEORETI XLVIII. 


169. Jf a series of parallels, cutting two straight lines, inter- 
cept equal distances on one of these lines, they also intercept equal 
distances on the other line. 


Let the lines A B and A’ B’ be cut by the 
series of parallels C C’, D D’, E FE, and F F’; 
and letC D= DE=EF. 

oe prove thak CY <= 1)’ BY — Ey Ps 

Draw Cd, De, and Ef, parallel to A’ B’. 

Then in the triangles C Dd, D Ee, and 
E Ff, by hypothesis, CD => DE=EF. 

Also since the parallels D D’, E KE’, FF’, 
are cut by A B, angle CDd = angle D Ke = B 
angle E Ff, (Theorem V). 

And since the parallels Cd, De, and Ef are cut by A B, angle 
D Cd = angle E De = angle F Ef (Theorem V). 

Therefore the triangles are equal, (Theorem XVIIT), and 
Cd = Dee Et; 
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But in the parallelograms C C’ D’d, D D’ Ee, and E E’ Ff, 
we have 

Cd = C D’, De = D’ FE, and Ef = E’ F’ (Theorem X XIX). 

Therefore, C’/ DY = D’ ’ = EF’ F”. 

170. Definition. Two straight lines are said to be divided 
proportionally when their corresponding segments are in the same 
ratio as the lines themselves. 

Thus the lines A B and C D are 4A-———&——__ 


divided proportionally at E and F if A B: 


CD = AE:CF. PEN Seat 


THEORETI XLIX. 


171. A line parallel to one side of a triangle divides the 
other two sides proportionally. 


Let D E be parallel to side B C of 


triangle A BC. 


ABs AC 
To prove that AD = AE 


When A Band A D are commensur- 
able, 7. €., have acommon untt of measure. 


Let A F be a common measure of A Band A D, and sup- 

pose it to be contained seven times in A B and four times in AD. 
AB 7 
Then AD =r (1) 

Drawing parallels to B C through the several points of divis- 
ion, the side A C will be divided into seven equal parts (Theorem 
XLVIII), of which A E will contain four. 

AC 7 


Then AE = 4° (2) 
From (1) and (2), by axiom, 
AB AC 
AD aAGh: 


When A Band A D are incommensurable. 


This may be proved also, but depends on considerations not 
andertaken in this book: 
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THEOREM L. 


172. Conversely, a straight line which divides two sides of a 
truangle proportionally is parallel to the third side. 

In the triangle A BC, let D E be drawn 

f Nts 5 ag: Wee 

so that AD AE: 

To prove that D E is parallel to BC: 

If D E is not parallel to BC, let DF 8 
be drawn parallel to B C. 


AsB- A 
Then by (Theorem XLIX) AD= aud 

Ae Bur ALC 
But by hypothesis, AD=AE 

ASeY “AC 
Whence AE-~AF 


Therefore, A E = A F, which is impossible unless D F coin- 
cides with D E. 

Hence, D E is parallel to B C. 

173. Definition. Two polygons are called simdlar when 
they are mutually equiangular, and have their homologous sides 
proportional. 


THEOREM LI. 


174. Two triangles are similar when they are mutually equi. 
angular. 


A 


In the triangles A B C and A’ B/C, let angle A = angle A’, 
angle B = angle B’, and angle C = angle C’. 

To prove that the triangles are similar : 

Superpose the triangle A’ B’ C’ upon A B C so that angle A‘ 
shall coincide with its equal angle A, the side B’ C’ falling at D E. 

Then since angle A D E = angle B, D Eis parallel to BC 
(Theorem VI). 
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Hence, (by Theorem XLIX), 
AWB: 4 AGS AB AC 
AD, 3) ib? A a Ar ee 
Similarly, by superposing the triangle A’ B/ C’ upon A BC 
so that angle B’ shall coincide with angle B, it may be proved that 
AB BC 
VB = BO 
From (1) and (2) we have oe 


AAG Bae 
(Ad DETER Cred B’ Cr 
Therefore, the homologous sides are proportional and the 
triangles are similar. 


THEORETI LIt. 


175. Two triangles are similar when their homologous sides 
are proportional. 


In the triangles A B C and A’ B/C, let 
ASD. ye OMe Bee EEN Ge 
AA YO GAG pin Be Cs 
To prove that the triangles are similar. 
Take A D = A’ B/, and AE = A’C, and jon DE. Then 
from the given proportion we have 
ANB AVC 
PAS Day WANE 
Therefore the line D E is parallel to B C (Theorem L.) 
Then since the parallels D E and B C are cut by A B, angle 
A D E = angle B, and angle A E D = angle C. 
Hence the triangles A B C and A D E are mutually equiang- 
ular, and therefore similar (Theorem LI.) 
Then their homologous sides are proportional; that is, 
es perl © el Re, 
AD iD Ei ASRS. Dans 
AB BC 


But by hypothesis, = 
y Aypothes AB BO 


| 
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Hence D EK = B’ C’, and the triangles A D E and A’ B/C’ 

are mutually equilateral, and therefore equal (Theorem XIX.) 
But the triangle A D E has been proved similar to A B C, 
Hence the triangle A’ B/ C’ is similar to A BC. 


THEOREM LIII. 
176. Two triangles are similar when they have an angle of 
one equal to an angle of the other, and the sides including these 
angles proportional. 


In the triangles A B C and A’ B’ C’, let angle A = angle A 
AB oy AC 

Ji ae NTO 

To prove that the triangles are similar. 

Superpose the triangle A’ B’ C’ upon A BC in such a way 
that the angle A’ shall coincide with its equal A, the side B* C’ 
falling at D E. 


Then by hypothesis, 


and 


ye oe eo ak 
AD” AE 

Therefore the side D E is parallel to BC (Theorem L), and 
angle A D E = angle B and angle A E D = angle C, 

Hence the triangles A BC and A’ B/ C’ are mutually equi- 
angular, and therefore similar. 

That is, the triangles A B C and A’ B’ C are similar. 


THEORET! LIV. 
177. Two triangles are similar when the sides of one are 
parallel or perpendicular respectively to the sides of the other. 


A 


In the triangles A B © and A’ B’ C’, let A’ B’ be parallel or 
perpendicular to A B, A’ C’ to A C. and B’ OC’ to BC. 
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To prove that the triangles are similar. 

Since the sides of the angles A and A/ are parallel or perpen- 
dicular each to each, the angles are either equal or supplementary, 
for they have the same differences of direction (Theorem IV) ; 
and the same is true of the angles B and B’, C and C’. 

We may then make three hypotheses with regard to the angles 
of the triangles, R denoting a right angle :— 


FIRST. SECOND. THIRD. 
If supplementary. perene Ras Sento If equal. 
At A’ = oR A= A‘ A= A 
B+B =2R B+B=2R B=B 
C+C =2R C+ C= 2 Be Oreos 6) 


(Theorem XVI, Corollary II.) 
But the first and second hypotheses are impossible, since, in 
either case, ths sum of the angles of the two triangles would exceed 
four right angles. 
We can then only have A = A’, B = B’, and C=C. 
Hence the triangles are mutually equiangular, and therefore 
similar. (Theorem LI.) 


THEOREM LV. 


178. The homologous altitudes of two similar triangles are 
proportional to the homologous sides. 


Jn the similar triangles A BC and DE F, let BG and EH 
be homologous altitudes 
To prove that 
BG AB AC BC 
Eh DE: > Dike eee 
The two right triangles A BG and DEH are mutually 
equiangular (Theorem XVI, Corollary IL), and hence similar 
(Theorem LI.) 


Therefore, BG ASB eC ae 


EH DE sD ia 


GHOMET NY. 


THEORETI LVI. 


179. Two polygons are similar when they are composed of 
the same number of triangles, similar each to each and similarly 
placed. 


In the polygons A — Eand A’— E’, the triangle A BE will 
be similar to A’ B’ E’, B C Eto B’ C’ E,, and C DE to C’ D’ EF, 

To prove that the polygons are similar. 

I. The polygons are mutually equiangular. 

For since two similar triangles are mutually equiangular, 

angle A = angle A’. 

Also angle A BE + angle E BC = angle A’ B/E’ + angle 

ee Ce 


Or, Mie eas Ces tae be 
In like manner, angle B C D = angle B’ C’ D’. 
And angle D = angle D’, 


II. The polygons have their homologous sides proportional. 


- For since two similar triangles have their homologous sides 


proportional, 
ea a 4 BYE an Bae by 
OB. oe ae Bee Be 
Whence, fe = ee 


In like manner we may prove, 
J.) 6 pate gh sol Ciemnalmne, © i 8 
BRUT) aS Gens ORL) 


Therefore the polygons are similar, (article 173.) 


, etc. 
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THEOREM LVII. 
180. Conversely, two similar polygons may be decomposed 
into the same number of triangles, similar each to each and sim- 
ilarly placed. 


Let E and EF’ be homologous vertices of the similar polygons 
A —E and A’ — FE, and draw the diagonals E B, E C, E’ B, 
and E/ C’. 

To prove that the triangle A B E is similar to A’ B/ E’, BCE 
to B’ C’ EF’, and CD Eto C D’ EY 

Since the polygons are similar (Article 173), angle A = 
AT 00 AGB 
A’ E/ A’ B 

Therefore the triangles A BE and A’ B’ E’ are similar, for 
they have an angle of one equal to an angle of the other, and the 
sides including these angles proportional (Theorem LIII). 

Again, since the polygons are similar, angle A B C = angle 
AEB EO 

And since the triangles A BE and A’ B’ E’ are similar, angle 
A BE = angle A’ B’ EF’. 

Subtracting these equals, we have angle A BC — angle A BE 
= angle A’ B/ C’— angle A’ B’ E’, or angle E BC = angle EK’ B’ C’. 

Also, from the similarity of the polygons, 


angle A’, and 


AB ioe BiG 
ARB) i BEC 
And since the triangles A B Eand A’ B’ EF’ are similar, 
ANB. os aB 
AB. Cee BOK 
BC BE 
Whence, ro Bry 


Therefore the triangles B C E and B’ C’ FE are similar 
(Theorem LIIT). 


In like manner it may be proved thai the triangles C D E and 
C’ D’ E’ are similar. 
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THEOREM LVIII. 


181. The perimeters of two similar polygons are in the same 
ratio as any two homologous sides. 


Let P and P’ denote the perimeters of the similar polygons 
A — E, and A’ — E’. 


P AB BC CD 
GE pees eee ee ee hee 2 
To prove tha p AB ro apr etc 


Since the polygons are similar, we have, 


AB BC CD 


aoe ee Op 
Whence by Article 139, 
AB+ BC + CD + ete. pedi) ells ah masa eg Wea) oie 
A’ B+ BC+ CD + ete. A’ BY CC Caty 98 


eke aes ks tee, Oe Ie DD 
That is Poo ee PO OD etc. 


THEORET LIX. 


182. In aright triangle the perpendicular drawn from the 
vertex of the right angle to the hypothenuse divides the triangle 
into two triangles similar to the whole triangle and to each other. 


In the right triangle A BC, let B D be drawn from the vertex 
B of. the right angle perpendicular to the . 
hypothenuse A C. 

To prove that the two triangles A B D 
and B D C are similar to the triangle A B C 
and to each other. 

The two right triangles A BD and A BC have the acute 
angle A common ; they are therefore mutually equiangular (‘Theo- 
rem XVI, Corollary II), and similar (Theorem LI). 
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The two right triangles A BC and BCD have the acute 
angle C common; therefore, they are mutually equiangular and 
similar. 

The two triangles A BD and BC D, being similar each to 
A BC, are similar to each other. 


183. Corollary I. Since A BC and A BD are similar 
triangles, 


TR OES EM Na 
MB AD 
And since A B C and B C D are similar, 
ACs COB 
CIB) Ss GzD: 


that is, ¢f in a right triangle, a perpendicular is drawn from the 
vertex of the right angle to the hypothenuse, either side about the 
right angle is a mean proportional between the whole hypothenuse, 
and the adjacent segment. 


184. Corollary IJ. As A BD and BC D are similar triangles, 
ASD 2, DOB 
De aac. 
that is, in a right triangle the perpendicular from the vertex of the 
right angle is a mean proportional between the segments of the 
hypothenuse. 


THEOREM LX. 


185. The square described on the hypothenuse of a right 
triangle ts equivalent to the sum of the squares described upon the 
other sides. 

Let A B C be a right triangle. 

To prove that AGH 2 3BtOs Ge, 

Draw B D perpendicular to A C. 

Now (by Theorem LIX, Corollary I), 

A Gr AB = At Reed] Ds 

That is, AB=ACXAD. 

And in the same way, 

BO =AC x CD. 
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Adding these aaa 
AP PBC .=A0K AD + AC XCD: 
AO aA arin 1D) 
= ALCP AIC 
SS AC 
Therefore, AB +BC —AC 
186. Corollary I. Since 
MC AB BC. 
BOL SC MB 
dE COLA BN 


AREAS OF POLYGONS. 
DEFINITIONS. 

187. The Area of a polygon is the measure of its surface. 
It is expressed in units, which represent the number of times the 
polygon contains the square unit that is taken as a standard. 
This unit is called the unit of surface, and is usually adopted 
arbitrarily. 

188. The usual unit of surface is the square whose side is 
some unit of length ; for example, a square inch, or a square foot. 

189. Equivalent Polygons are those which have the same 
area. 

190. The projection of a point upon a straight line of indefi- 
nite length is the foot of the perpendicular drawn from the point 
to the line. An entire line may be said to have a projection upon 
another line in the same way. 

191. <A medval line of a triangle is a straight line drawn 
from either vertex to the middle point of the opposite side. 


THEORETI LXI. 
192. Two rectangles having equal altitudes are to each other 
as their basis. 


Let ABCD and A BEF be two rectangles having equal 
altitudes. 
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h ABC Dy aa) 
To prove tht 7 pREF=APF 


Let A G be a common measure of A D and A F, and suppose 

it to be contained seven times in A D and four times in A F, 
AD 7 

Then re 4 (1) 

Drawing perpendiculars to A D through the several points 
of division, the rectangle A B C D will evidently be divided into 
seven equal parts, of which the rectangle A B E F will contain 
four. 


Pabex| 
Then ABER ~ 72 2) 


ABC. Di Zep 
ABEF AF 
same thing are equal to each other, axiom.) 

This may also be proved when A D and A F are incommen- 
surable. 


Then by (1) and (2) (things equal to the 


Corollary. Since either side of a rectangle may be taken as 
a base, it follows that two rectangles with equal bases are to each 
other as their altitudes. 


THEOREM LXII. 


193. Any two rectangles are to each other as the products of 
their bases by their altitudes. 


Let A and B be any two rectangles having the altitudes a 
and a’, and the bases 6 and 0’, respectively. 

To prove that iS < ~ : 

Let C be a third rectangle, having its altitude equal to the 
altitude of A and its base equal to the base of B. 
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Then the rectangles-A and C, having equal altitudes, are to 
each other as their bases, (by Theorem LXI) ; that is, 
A i) 
Gane oe 


And the rectangles C and B, having equal bases, are to each 
other as their altitudes (Theorem LXI, Corollary) ; that is, 


Cee 

Bore (2) 
Multiplying equations (1) and (2), we have 

Bo 38 we O 

AS Sead 


THEOREM LXIll. 


194. The area of a rectangle is equal to the product of its 
base and altitude. 


a} 


Let a and 6 be the numerical measures of the altitude and 
base of the rectangle A, and let B be the square whose side is the 
unit of length. 


To prove that the area of A, referred to B as a unit, is equal 
to a times 6. 


Since any two rectangles are to each other as the products of 
their bases by their altitudes (Theorem LXII), we have 
BRS OOKOD 


= —axl 
B Dice : 


But since B is the unit of surface, a the area of A. 
(Article 186). 
Hence, area of A = a X 5b. 


195. Corollary. The area of a square is equal to the square 
of one of its sides. 
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THEORET LXIV. 


196. Thearea of a parallelogram is equal to the product of 
tis base and altitude. 


Let ABCD be a parallelogram leaving its altitude DF 
equal to a and its base A D equal to 4. 

To prove that ABC D=a x db: 

Draw A E perpendicular to A D and meeting B C produced 
at E. 

Then A EF D is a rectangle having its altitude equal to a and 
its base equal to 0. 

In the right triangles A BE and DCF, AB=DC and 
A KE = DF (Theorem XXIX). 

Therefore, the triangles are equal (Theorem XX). Now if 
from the entire figure A E C D, we take the triangle A B E, there 
remains the parallelogram A BCD; and if we take the triangle 
D CF, there remains the rectangle A E F D. 

Therefore, area ABCD = area A EFD. 

But the area of a rectangle AK FD =a x 6 (Theorem 
LXIT). 

Hence, area A BCD =a x 6. 


THEORET LXV. 


197. The area of a triangle is equal to one-half the product 
of its base and altitude. 

Let A BC be a triangle, having its 
altitude equal to a and its base equal to 6. 

To prove that area A BC =4a x 6b: 

Draw the lines A D and C D parallel 
to B C and A B. 

Then A B C D is a parallelogram having its altitude equal to 
a and its base equal to 6. 
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Now a diagonal of a parallelogram divides it into equal tri- 
angles (Theorem X XIX). 

Therefore area A B C =} area ABCD. 

But the area of the parallelogram A B C D is equal to a 
times 6, (Theorem LXIV). 

Hence, area ABC = ha x 8. 

198. Coroliary I. Two triangles having equal bases and 
equal altitudes are equivalent. 
* 199. Corollary II. Two triangles having equal altitudes 
are to each other as their bases ; two triangles having equal bases 
are to each other as their altitudes; and any two triangles are to 
each other as the products of their bases by their altitudes. 

200. Corollary I/I. A triangle is equivalent to one-half 
a parallelogram having the same base and altitude. 


THEORETI LXVI. 


201. The area of a trapezoid is equal to one-half the sum of 
its parallel sides multiplied by its altitude. 


Let A BC D be a trapezoid, having its 
altitude equal to a, and its parallel sides equal 
to 6 and J’ respectively. 

To prove that area ABCD=a x 34 
(6 + 0’): i) 

Draw the diagonal B D dividing the trapezoid into two tri- 
angles A B D and BCD, having the common altitude @ and their 
bases equal to 6 and 0’ respectively. 

Then, area A BC D = areaA BD + areaBCD. 

But since the area of a triangle is equal to one-half the prod- 
uct of its base by its altitude, (Theorem LXV), 

area A BD = }-a X 6, 

and area BCD =}a xO’. 

Therefore, areaABCD=taxb+}4ax J, 

202. -Corol/ary. Since the line joining the middle points 
of the non-parallel sides of a trapezoid is equal to one-half the 
sum of the bases (Theorem XXXV), it follows that, 

The area of a trapezoid is equal to the product of its altitude 
by the line joining the middle points of the non-parallel sides. 
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THEOREM LXVII. 
203. Two similar triangles are to each other as the squares 
of their homologous sides. 


A ASS 


Let A Band A’ B’ be homologous sides of the similar tri- 
angles A B C and A’ B’ C’, 
AGB OA Ratios 
MBE = ae 

Draw the altitudes C D and C’ D’. 

Then since any two triangles are to each other as the products 
of their bases by their altitudes (Theorem LXV, Corollary IL), 
we have 


_ To prove that 


ABC. ) An Bua'Grp Indes C D 
VRC=KNBXxOD=xXBX* op 
But the homologous altitudes of two similar triangles are in 
in the same ratio as any two homologous sides (Theorem LV) ; 
hence, 


C D AB 
CD ~ AB 
Substituting in (1), we have 
AUB Ci A BUS Beles 
A’ BW = A’ B’ Xx Ae. Or a= ACR? 


THEOREM LXVIII. 


204. Two similar polygons are to each other as the squares of 
their homologous sides. 


A 


Let K and K’ denote the areas of the similar polygons A — & 
and A/ — E’. 


kK AB’ 
To prove that case geen Sh 
prove Ko PB 
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Draw the diagonals E B, E C, E’ B’, and E’ C. 
Then since the triangle A B E is similar to A’ B’ E’, (Theo. 
rem LVII), we have 
INE SI 8 
VBP ip (Theorem LXVII). 
In like manner, 
BOO H pec CeDE Ea: Cp 
But from the similarity of the given polygons, 
BAB Bas CkD: 
GN aati Uae OY Or 
ABE BCE CDE 
AGBOW 7 BICrh = C8" Ly 
ABE+BCE+CDE ABE AB 


Therefore, 


Whence 


Ane ts Bh Omen) hl oAS BR ay as 2 
B? 
That is, ——— 


by ratio and proportion (Theorem IX). 


REGULAR POLYGONS AND MEASUREMENT 
OF THE CIRCLE. 
205. Definition. A regular polygon is one which is both 
equilateral and equiangular. 


THEORETI LXIX. 
206. Acircle may be circumscribed about, or inscribed within, 
any regular polygon. 


— let ABCD E bea regular polygon. 
I. To prove that a circle may be circumscribed about it: 
Let O be the centre of the circle passing through the vertices 
A, B, and C (the point O, at which perpendiculars erected at the 
middle points of A B and B C intersect, will be the centre of such 
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a circle, AO, B O, and CO, being equal, and therefore radii (by 
Theorem XI); join O A, OB, OC, and O D. 

Then since the polygon is equiangular, angle A BC = 
angle BC D. 

And since the triangle O B C is isosceles, angleO BC = 
angle O C B. 

Subtracting these equals, we have angle O B A = angleO C D. 

Also, O B = OC, being equal radii; and since the polygon 
is equilateral, A B = C D. 

Therefore the triangles O A Band OC D are equal (Theorem 
XVII) and O-4 = OD; 

Hence the circle passing through A, B, and C also passes 
through D. 

In like manner it may be shown that the circle passing 
through B, C, and D, also passes through E. 

Therefore a circle may be circumscribed about A BC D E. 

Il. To prove that a circle may be inscribed in A BC D E, 

Since the sides A B, B C, C.D, etc., are equal chords of the 
circumscribed circle, they are equally distant from the centre. 


For, drawing O F and O G perpendicular to A B and BC 
respectively, we have F as the middle point of A B, and G of 
BC, (by Theorem XLII), and the right triangleO F BandOGB 
are equal (by Theorem XX.) 

Hence O F = OG and the circle described with O as a centre 
and O F as a radius will be inscribed in the polygon A DCD E. 

207. Definitions. The radius of a regular polygon is the 
radius of its circumscribed circle, as O A. 

The apothem is the radius of the inscribed circle, as O F. 

The centre is the common centre O of the circumscribed and 
inscribed circles. 

The angle at the centre is the angle, as A O B, between radii 
drawn to the extremities of any side. 

208. Corollary. Each angle at the centre of a regular poly- 
gon is equal to four right angles divided by the number of sides. 

For from the equal triangles O A B, O B CO, ete., we have, 
angle A O B = angle B O C = angle C O D, ete. 

Therefore each angle is equal to four right angles divided by 
the number of sides (Theorem I.) 
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THEOREM LXX. 


209. The area of a regular polygon is equal to one-half the 
product of its perimeter and apothem. 

Let a denote the apothem O F, and P the ee of the 
regular polygon ABCD E., 

To prove that area A B C D E = one- 
Hatt Px a. 

By drawing the radii O A, OB, OC, 
etc., the polygon may be divided into a 
series of triangles O A B, O BC, etc., whose 
common altitude is a. 


Then (by Theorem LXV), 


Area O A B = one-half A B x a. 
Area O B C = one-half BC x a, and so on, 
Adding, we have, 
Area O AB + areaO BC + etc., = one-half (A B + BC 
+ etc.) xX a. 
That is, area A BC D E = one-half P x a. 
The following important theorem is given more in the light 
of an example than a proof. 


THEOREM LXIl. 


I, Aninscribed or circumscribed polygon of an infinite number 
of sides practically coincides* with the inscribing or circumscribing 
circle. 

IT, The areas of the above polygons are practically the same 
as that of the circle. 

Ll, The approximate ratio of the circumference of a circle 
to its diameter is 3.1416. 

IV. The area of the circle is 3.1416 times the square of the 
radius. 


*To speak mathematically the perimeter of the inscribed or circumscribed 
polygon approaches the circumference of the circle and the areas of the polygons 
approach the area of the circle as a limit as the number of sides of each poly- 
gon is indefinitely increaseA. The demonstration here given will, however, suffice 
far the purposes of this book. — 
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I. Let the number of sides of the inscribed and circum- 
scribed polygons be doubled. _ It is readily 
seen that the sides of the polygons approach 
more closely the circumference, as is seen 
by replacing the side A B by the sides AG 
and B G of a polygon containing twice as 
many sides as the polygon A —F. If the 
number of sides were infinite, there would 
be no appreciable space between the circum- 
ference and the perimeter of the polygon. 
Hence they would practically coincide. 


Il. The area of the polygon A F is evidently equal to the 
sum of the triangles A O B, BOC, etc. Now if the number of 
sides of the polygon is increased indefinitely it is evident, as 
there 1s no appreciable area between the perimeter and circum- 
ference (1), that the sum of the areas of the infinite number of 
triangles thus formed is practically equal to the area of the circle. 

IlI. By means of formulas, which we will not here attempt 
to derive, it is found that the perimeter of a polygon of 512 sides 
circumscribed about a circle whose diameter is 1, is 3.14163 while 
the perimeter of a 512 sided polygon inscribed within the above 
circle is 8.14157. The greater the number of sides to the poly- 
gons the nearer do these values approach each other. The value 
of the circumference must be between these values. The above 
figures are sufficient for our purpose. We, therefore, take as our 
approximate ratio of the circumference to the diameter 3.1416, i.e., 
denoting the circumference by C and the diameter by D we have 
<= 3.1416 or C= 3.1416 D. The ratio is usually designated 
by the Greek letter Pi, z. Hence we say C =z D or the cir- 
cumference is z times the diameter. This holds for all circles. 

IV. The area of a polygon is equal to one-half the value of 
the product of the perimeter and apothem. In an inscribed or 
circumscribed polygon, the apothem becomes practically equal to 
the radius of the circle when the number of sides of the polygon 
becomes infinite. 

Hence the area of any circle is equal to one-half the circum- 
ference (z D) times the radius (which we will denote by r). As 
the diameter is twice the radius, we have D=2,r. Hence the 


area of the circle is } Xz 2 rXr=xr. Writing >in place 


of r we have + z D?, the approximate value of z being 3.1416 
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PROBLEMS OF CONSTRUCTION. 


We have hitherto assumed that our figures were already 
constructed. The Problems of Construction here following 
depend for their solution upon principles already explained ; 
and therefore, when the demonstration is not given in full, the 
theorems necessary to prove the construction will be referred to 
in the order in which they are to be used, and the student must 
complete the demonstration. 


PROBLETII I. 
1. To bisect a given straight line. 
Let A B be the given straight line. From <A and B as 


centres, with a radius greater than half of A B, c 

describe arcs cutting one another at C and D; * 

join C and D cutting A B at E, and the line . 

A B is bisected at E. ———E___f 
For C and D being each equally distant 

from A and B, the line C D must be perpen- Xo 

dicular to A B at its middle point. (Article 

45.) 


PROBLEI1 II. 
2. From a given point without a straight line to draw a per- 
pendicular to that line. 
Let C be the point and A B the line. c 
From C as a centre, describe an arc cutting | 
A Bin two points A and B; with A and B pe 5 
as centres, with a radius greater than half : : 
A B, describe arcs intersecting at D. Draw 
CD, and it is the perpendicular required, 
(Converse of Theorem VII.) 
PROBLEI1 III. 
3. roma given point ina straight line to erect a perpen- 
dicular to that line. 
Let C be the given point and A B the given line. 
With C as a centre describe an are cutting 
A BinD and E; with D and E as centres, 
with a radius greater than D C, describe ares 
intersecting at F. Draw CF, and itis the 
perpendicular required. (Converse of The- 


orem VII.) 
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Second Method. With any point, D, without the line A B, 
with a radius equal to the distance from D to C. 
describe an are cutting A B at E; draw the 
diameter E DF. Draw CF, and it is the 
perpendicular required. (Theorem XLY.) 

PROBLETII IV. 

4. To bisect a given arc, or angle. 

Ist. Let A B be the given arc. Draw the chord A B and 
bisect it with a perpendicular. 

2nd. Let C be the given angle. With C as 
a centre, describe an are cutting the sides of the 
angle in A and B; bisect the arc with the line 
C D, and it will also bisect the angle C. (Theo- 
rem XX XVII.) 


PROBLETI! V. 

5. Ata given point ina straight line to make an angle equal 
toa given angle. 

Let A be the given point in the line A B, : 
and C the given angle. With Cas a centre 4 
describe an arc D E cutting the sides of the 
angle C; with A as a centre, with the same 
radius, describe an are FG; with F as a centre, 
with a radius equal to the distance from D to E, describe an are 
cutting the arc FG. Draw AG. The angle A = angle C. 
(Theorem XX XVII and XX XIX.) 


PROBLETI1 VI. 
6. Through a given point to draw a line parallel to a given 


straight line. 

Let C be the given point, and A B the 
given line. From C draw a line CDto AB; a 
at C in the line C D make an angle DC E equal 


to angle C D A (by Problem V;) C E is par- 
allel to A B. (Theorem VI.) 


PROBLETII VII. 
7. Two angles of a triangle given to find the third. 


Draw an indefinite line A B; at any point 
C make an angle A C D equal to one of the SS “a, 
given angles, and angle D C E equal to the 


other (by Problem V.) Then EC B is equal 
to the third angle. (Theorems I and XVI.) 
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PROBLEI1 VIII, 
8. The three sides of triangle given, to construct the eye 
Take A B equal to one of the given sides. 
With A as acentre, with a radius ahaa to another 
of the given sides, describe an arc; and with B 
as a centre, with a radius equal to the third side, 
describe an arc intersecting the first arc at C. 
Draw AC and B C, and A CB is evidently the triangle required. 


PROBLEM IX. 

9. Two sides and the included angle of a triangle given, to 
construct the triangle. 

Draw A B equal to one of the given sides, 
at B make the angle A BC equal to the given 
angle (by Problem V), and take B C equal to 
the other given side; join A C, and A BC is evidently the 
triangle required. 

PROBLETI X. 

10. Two angles and a side of a triangle given, to construct 
the triangle. 

If the angles are not both adjacent to the 
given sides, find the third angle (by Problem 
VII.) Then draw A B equal to the given side, 
and at B make an angle A B C equal to one of the angles adjacent 
to A B, and at A make an angle B A C equal to the other angle 
adjacent to A B, and A B C is evidently the triangle required. 

PROBLEI XI. 

11. Two sides of a triangle and the angle opposite one of 
them given, to construct the triangle. 

Draw an indefinite line A C, at A make an 
angle C A B equal to the given angle, and take 
A B equal to side adjacent to the given angle ; 
with B as a centre, with a radius equal to the * 
other given side, describe an are cutting A C. 
If the angle A is acute. 

1st. The given side B C, opposite the given angle, may be 
less than the other given side, then the are described from B as a 
centre will cut A C in two points, C and D, on the same side of 
A, and, drawing B C and B D, the triangles A B C and A BD 
(whose angle B D A is the supplement of the angle B C A), both 
satisfy the given conditions. < 
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2nd. The given side opposite the given angle may be equal 
to the perpendicular B E; then the arc described from B as a 
centre will touch A C, and the right triangle A B Eis the only 
one that can satisfy the given conditions. 

3rd. The side opposite the given angle may be greater than 
the other given side; then the are described from B as a centre 
will cut A C in C, and in another point on the other side of A. 
In this case there can be but one triangle A B C satisfying given 
conditions, the triangle formed on the opposite side of A B con- 
taining not the given angle, but its supplement. 

Ath. If the given angle is not acute, the given side opposite 
the given angle must be greater than the other given side, and, as 
in the last case above, there can be but one solution. 


PROBLETII1 XII. 


12. To find the centre of a given circumference or of a given 
are. 


Let ABD be the given circumference, or arc. 

Draw any two chords not parallel to each 
other, as A B, B D, and bisect these chords by 
the perpendiculars C E and C F. 

These perpendiculars will intersect at the 
ceuter of the circumference, or arc. (Theorem 
DOLITY: 

Scholium. By the same construction a circumference may 
be made to pass through any three given points; or a circle cir- 
cumscribed about a given triangle. 


PROBLEM XIII. 


13. To inscribe a circle in a given triangle. 

Let A B C be the given triangle. 

Bisect any two of its angles. With the 
point D, where the two bisecting lines meet, as a 
centre, with a radius equal to the distance of D 
from any one of the sides, describe a circle, and 
it will be the one required. 

Draw the perpendiculars DE, D F, and DG. The angles 
at A are equal by construction, and the angles A UE Dand AFD 
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are each right angles; therefore the triangles A D E and A F D 
are mutually equiangular (Theorem XVI), and the hypothenuse 
A D is common; therefore the triangles are equal (Theorem 
SX VIT), and DK = DF. In like manner D E = DG, 

Therefore, the circle described from D as a centre with the 
radius D E will pass through the points F and G; and since the 
angles at E, F, and G, are right angles, the sides of the triangle 
A BC are tangents; therefore the circle E F G is inscribed in 
the triangle A BC. 

Scholium. The lines bisecting the angles of a triangle all 
meet in the same point. 


PROBLEM XIV. 


14. Through a given point to draw a tangent to a given cir- 
cumference. 

Ist. If the given point is in the circumference. Erect a 
perpendicular to the radius at the given point. 

2nd. If the given point is without the circumference. 

Join the given point A with the centre C of 
the given circle B D E; on A Cas a diameter 
describe a circle cutting the given circle in B and 
D. Draw A Band A D, and each will be tangent 
to the given circle through the given point. 

For drawing the radii C B and C D, the angles B and D are 
each right angles (Theorem XLV), and therefore A B and A D 
are tangents to the given circle. 

Corollary. The tangents A B and A D are equal. 


PROBLEM XY. 


15. To divide a given line into parts proportional to given 
lines. 


Let it be required to divide A B into 


parts proportional to m, n, and o. 2 Dns 
Draw at any angle with A B an indefi- n 0 
nite line AC. From A cut off A D, D EK, o 


and E F respectively equal to m,n, and o. Join B to F and 
through D and E draw lines parallel to B F. These parallels 
divide the line as required. (Theorem XLIX). 
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PROBLEI1 XVI. 


16. To find a fourth proportional to three given lines. 

Let it be required to find a fourth proportional to M, N, and QO: 

Draw at any angle with the other the 
indefinite lines A F, and A G. 

From A F cut off AB=m,BC =n, 
and from A G cut off AD=o. Join BD 
and through C draw C E parallelto B D; then ror ae 
‘D Eis the required fourth proportional (The- 
orem XLIX). 


PROBLEI XVII. 


17. To find a mean proportional between two given lines. 

Let it be required to find a mean pro- 
portional between m and n. 

From an indefinite line cut off A B =m, 
BC=~7; on AC as a diameter describe a A 
semi-circle, and at Bdraw BD perpendicular = —*— 
to AC. BD is the mean proportional required. Join A D, and 
DC. (Section 184). 

18. Definition. When a line is divided so that one segment 
is a mean proportional between the whole line and the other seg- 
ment, it is said to be divided in extreme and mean ratio. 


PROBLEM XVIII. 


19. To construct a parallelogram, having the sum of tts base 
and altitude given, which shall be equivalent to a given square. 


On A B, the given sum, as a diameter, 
describe a semi-circumference. 

At any point, as B, in A B, draw the 
perpendicular B C equal to a side of the A 
given square; through C draw C D parallel to A B, cutting the 
circumference in D; draw D E perpendicular to AB. A Eand 
E B are respectively the base and the altitude of the parallelogram 
required (Problem XVII). 

Scholium. If the side of the square is greater than half the 
sum of the base and the altitude, the construction is impossible. 
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PROBLEM XIX. 


20. To construct a parallelogram having the difference between 
its base and altitude given, which shall be equivalent to a given 
square. 


On A B the given difference, as a diam- 
eter, describe a semi-circumference. At A 
draw the perpendicular A D equal to a side 
of the given square; join D with the centre 
C, and produce D C to F. DF and DE 
are respectively the base and the altitude 
of the parallelogram required. 


PROBLEM XxX. 
21. To construct a square equivalent to a given parallelogram. 
Find a mean proportional between the altitude and base of 
the given parallelogram (Problem XVII), and it will be a side of 
the required square. 


PROBLEM XxXI. 
22. To construct a square equivalent to a given triangle. 
Find a mean proportional between the base and half the 
altitude (Problem XVII), and it will be a side of the required 
square. 


PROBLEM XXIl. 
23. To construct a square equivalent to a given circle. 
Find a mean proportional between the radius and the semi- 
circumference, and it will be a side of the required square. 


PROBLEI1 XXIII. 

24. To construct a square equivalent to the sum of two given 
squares. 

Construct a right triangle (Problem IX), with the sides adja- 
cent to the right angle equal respectively to the sides of the given 
squares; the hypothenuse will be a side of the required square 
(Theorem LX). 

Scholium. By continuing the same process we can find a 
square equivalent to the sum of any number of given squares, 
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PROBLEM XXIV. 


25. To construct a square equivalent to the difference of two 
given squares. 

Construct a right triangle (Problem XI), taking as the 
hypothenuse a side of the greater square, and for one of the sides 
adjacent to the right angle a side of the other square; the third 
side of the triangle will be a side of the required square. 
(Theorem LX.) 


PROBLEI1 XXV. 


26. To construct a triangle equivalent to a given polygon. 

Let A — E be the polygon. Draw BD 
cutting off the triangle B C D; through C draw 
C F parallel to B D; join B F, and a polygon 
A BF E is formed with one side less than the 
given polygon and equivalent to it. For the 
triangles BC D and BF D, having the same 
base and the same altitude, are equivalent; 
adding to each the common part A BD FE, we have ABCD E 
equivalent to A BF E. In like manner a polygon with one side 
less can be found equivalent to A BF E, and by continuing the 
process the sides may be reduced to three, and a triangle obtained 
equivalent to the given polygon, 

Scholium. Since (by Problem X XI) a square can be found 
equivalent to a given triangle, it is evident that a square can be 
found equivalent to any polygon. 


PROBLED XXVI. 


27. Ona given line to construct a polygon similar to a given 

polygon. 8 c 
Let A D be the given polygon, 

and let M L be the given line. A D 
Draw the diagonals A E, A D, 

and AC. At M and L make the 

angles G M L and G L M equal 
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respectively to A F E and A E F, and a triangle G LM will be 
formed similar to A E F. In like manner on G L construct a tri- 
angle similar to A D E; on G K one similar to A C D; on G I 
one similar to A BC; and the polygons A D, and H G, being 
composed of the same number of similar triangles similarly 
situated, are similar. (Theorem LVI.) 


PROBLEIS1 XXVII. 


28. To inscribe a square in a given circle. 
Draw two diameters A C and BD, at 
right angles to each other; and join A B, 
BC,CD,and DA. Then A BCD is the 
required square. (Theorem XLV and 4 
XX XIX.) 
Corollary. By bisecting the are A B, 
BC, C D, and D A, and drawing the chords 
of these smaller arcs, a regular octagon will 
be inscribed in the circle. By continuing this bisection regular 
polygons can be inscribed having the number of their sides 16, 32, 
64, and so on. 


PROBLEI1 XXVIII. 


29. To inscribe a regular hexagon in a given circle. 

Take A B equal to the radius of the 
given circle, and it will be a side of the 
hexagon required for the angle, A B E is 
equilateral and therefore each of its angles 
has sixty degrees (Theorem XVI) and is 
one-sixth of four right angles. Hence A B = 
B C, etc, (by Theorems XXXVII and 
XXXIX.) 

Corollary. By drawing A C, CD, and D A an equilateral 
triangle will be inscribed in the circle. By bisecting the ares 
A B, BC, etc., and continuing this bisection, as in Problem 
XX VII, and drawing the chords of these smaller ares, regular 
polygons can be inscribed, having the number of their sides 12, 
24, 48, 96, and so on. 


=e 
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PROBLETI1 XXIX. 


30. To circumscribe about a given circle a polygon similar to 
a given inscribed regular polygon. 

Let A F be the given inscribed 
polygon. Through the points A, B, C, 
D, E, F draw tangents to the circumfer- 
ence. Those tangents intersecting will 
form the polygon required. 

For the triangles A G B, BHC, etc., 
are isosceles (Problem XIV, Corollary ;) 
and as the arcs A B, BC, etc., are equal, the angles G A B, GBA, 
HBC, HCB, etc., are equal (Theorem XLVI,) therefore, as 
the bases A B, B C, etc., are equal, those isosceles triangles 
are equal. Hence the angles G, H, I, K, L, M are equal, and 
polygon M L is equiangular; and as GB =BH = HG, ete., 
GH =HL, etc., therefore the polygon MT is equilateral and 
regular. It is also similar to A F (easily proved from Theorem 
LVT); and as its sides are tangents it is circumscribed about the 
circle. 
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DIRECTIONS TO THE STUDENT 


In writing out this examination, use a page for each demonstration. 
Write the theorem at the top of the page, draw a neat figure, and describe the 
figure carefully. Number each statement with Roman numerals, and_ under 
each statement, in a bracket, place the reason for the statement. If your 
definitions do not fill a page, turn to the next page before commencing a 
theorem. Never give a reason simply by the number of the theorem, but be 
sure to give the words of the theorem or of the axiom in full. Only this will 
be accepted as a reason for a statement. 


What is meant by quantity? 
What is meant by a line? 
Define curved line. 
Define perpendicular. 
Define angle. 
Upon what does the size of an angle depend? 
Define: 
Complementary angle. 
Supplementary angle. 
8. Define a theorem. 
9. Define converse of a theorem, and illustrate by an example. 

10. State five axioms. 

11. Prove—If one straight line intersects another, the vertical 
angles are equal. 

12. If two angles of a triangle are equal, the sides opposite 
are equal. State and prove the converse. 

13. Draw the || lines AB and CD cut by the transversal EF. 
Letter angles, a, b, c, d, e, f, g, and h, and state at least eight facts 
which are true of the equality of the different pairs of angles. 

14. Prove one of the facts which you state in the above question. 

15. Prove—If two right triangles have the hypothenuse and 
side of one equal to the hypothenuse and side of the other, the triangles 
are equal in all respects. 

16. Prove—In an isosceles triangle the bisector of the exterior 
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angle at the vertex, formed by producing one of the sides, is parallel 
to the base. 

17. Define parallelogram. 

18. Define rhombus. 

19. Define trapezord. 

20. What is the altitude of a trapezoid? Illustrate by a figure. 

21. Prove—The diagonals of a parallelogram bisect each other. 

22. Define: circle; sector; segment. 

23. Define: arc; secant; tangent. 

24. Prove—If a diameter is perpendicular to a chord, it bisects 
the chord. 

: 25. Prove—Through any three points, provided they are not in 
a straight line, a circumference can be made to pass. 

26. ‘The distance from the center of a circle to a chord 16 inches 
long is 6 inches; find the distance from the center to a chord 10 
inches long. 

27. Prove—That an inscribed angle is measured by one-half 
the are which its sides intercept. 

28. a. The base of an isosceles triangle is 60 feet and the area 
is 1200 sq. ft. Find the lengths of the two equal sides. 

b. What is the area of a similar triangle having a base of 30 ft.? 

29. State what is meant when two lines are divided propor- 
tionally. 

30. Prove—Similar triangles are to each other as the squares 
of their homologous sides. 

31. Construct a rhombus, having given the base and altitude. 

32. Having given two angles of a triangle, construct the third 
angle. 

33. Define a polygon; a regular polygon. 

34. In a regular polygon of 24 sides, find the value of one of 
the interior angles in degrees. 

35. In a square field there are 53 acres. Compute the length 
of barbed wire necessary to enclose it four times. 

36. B is 30 miles south of A, C is 50 miles east of A, and D 
is 40 miles north of C. How far is D from B? 

37. The area of a pentagon is 40 sq. in. The area of a similar 
pentagon is 640 sq. in. If one side of the smaller polygon is 2 in., 
what is the length of the homologous side of the larger one? 
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38. The diameter of a drive-wheel is 5 ft. 3 in. How many 
revolutions does it make in traversing } of a mile? 

39. a. Construct an equilateral triangle and prove that each 
angle is equal, being 60°. 

b. Construct a right triangle having an acute angle of 30°. 

40. A circular fish pond which covers an area of 5 acres and 
100 square rods is surrounded by a walk 5 yards wide. Compute 
the cost of graveling the walk at 6} cents per square yard. 

41. A ladder 40 feet long is placed so as to reach a window 
24 feet high upon one side of the street, and on turning the ladder 
over to the other side of the street it just reaches a window 32 feet 
high. What is the width of the street? 

42. Show that if a line divides two sides of a triangle propor- 
tionally, the line is parallel to the third side of the triangle. 

43. If 3 xX = AB, form a proportion between the quantities 
3, X, A, and B. Prove your answer. 

44. A building 90 feet high casts a shadow 45 feet long. Upon 
measurnig the shadow cast by a steeple at the same time, the length 
of the shadow was found to be 85 feet. How high was the steeple? 

45. Plans for structural work called for an angle of 22° 30’. 
How would you construct the angle? 

After completing the work, add and sign the following statement: 
I hereby certify that the above work is entirely my own. 
(Signed) 
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